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H 1 Antiwindup Design for Linear Systems
Subject to Input Saturation
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It is known that actuator saturation can lead to deterioration in the performance of the control system and may
even lead to instability.The invariant set and L2-gain problems of the linear systems subject to actuator saturation
are considered. An antiwinduptechnique is used to enlarge the invariantset with a guaranteedprespeci� ed L2 gain.
The design of the antiwindup compensation gain is formulated and solved as an iterative optimization problem
with linear matrix inequality constraints. Numerical examples are used to demonstrate the effectiveness of the
proposed design technique.

Introduction

O NE of the common, but dif� cult, issues in control design is
actuator saturation because all control devices are subject to

saturation (limited in force, torque, current, � ow rate, etc.). Those
who are interested in recon� guring the controller to compensate for
unforeseen failure must also be concerned with saturation because,
during recon� guration, one is frequently forced to drive certain ac-
tuators into saturation to compensate for a loss of performance due
to a failure in part of the airframe. The analysis and synthesis of
controllers for dynamic systems subject to actuator saturation have
been attracting increasinglymore attention. Recent books 1;2 and a
special journal issue3 reported much research activity on this topic.
There are mainly two approaches to dealing with actuator satura-
tion. One approach is to take control constraints into account at the
outset of the control design. Considerable progress has been made
in this direction. In Ref. 1, the semiglobal stabilizationproblem and
low-gain stabilizing approach are analyzed for linear systems sub-
ject to actuator saturation. In Ref. 4, a convex optimizationmethod
was proposed to analyze the regionalstabilityof linear systemswith
input saturation. This approach was further studied by using the
Popov criteria to reduce the conservativeness.5 Disturbance attenu-
ation and the H1 control problem for systems with input saturation
were studied in Refs. 6–8. These results are also extended to out-
put feedback design for systems with actuator amplitude and rate
saturation in Refs. 9 and 10. In Refs. 2 and 11, a new local con-
troller design method was proposed to enlarge the invariant set of
the system with input saturation.

Anotherapproachis to � rst ignoreactuatorsaturationand designa
linear controller that meets required performancespeci� cations and
then to design an antiwindup compensator to weaken the adverse
in� uence of saturation. This method was widely used in control
engineering, and there are many techniques for designing an anti-
windup compensator. One of the � rst attempts to analyze windup
control system stability was the application of the scalar Popov
and circle criteria by Glattfelder and Schaufelberger12;13 in the con-
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text of antireset windup control systems. The multivariable circle
criterion was extended in Ref. 14 to design multivariable antireset
windup control systems. Zheng et al.15 used the off-axis circle cri-
terion to establishstability of their antiwindup scheme based on the
internal model control approach. Attempts to use the scaled small-
gain theorem for the same purpose were reported in Ref. 16. The
other methods reported are function analysis,17 incremental gain
analysis,18 invariant subspace technique,19 and multiplier theory.20

A uni� ed framework for the study of antiwindup design was pre-
sented in Ref. 21 that is known to be equivalent to the observer type
approach.22 Recently, Cao et al.23 described the developmentof an
antiwindup design method that leads to signi� cant enlargement of
the domain of attraction.

In this paper, we will explore the possibility of improving the
performance for systems with actuator saturation by antiwindup
compensation.We will present an invariant set approach to analyz-
ing the H1 disturbance rejection performance of the antiwindup
control systems. We will � rst obtain an estimate of the invariant
set under a given antiwindup compensation gain. This estimate is
then maximized over the choice of antiwindup compensation gain.
It is known that, in the absence of disturbance, the estimates of the
domain of attraction made by small-gain theorem, Popov criterion,
or circle criterion are sometimes conservative.4;5;8;24 In Ref. 11, a
less conservative analysis approach was proposed to analyze the
stability,domain of attraction,and invarianceof linear systems with
actuator saturation. The idea is to formulate the analysis problem
into a constrainedoptimizationproblem with constraintsgiven by a
set of linearmatrix inequalities(LMIs). In this paper,we will extend
the methodof Ref. 11 to arriveat an estimateof the invariantset with
a guaranteeda priori speci� ed L2 gain of the closed-loopsystem un-
der a given antiwindup compensation gain. An iterative LMI-based
approach will be proposed to design the antiwindup compensator
for the enlargement of the invariant set with a given L2 gain.

The rest of the paper is organizedas follows.The next sectionwill
give some preliminary results and state more precisely our problem
formulation.This will be followed by a section where stability and
the invariant set of the closed-loop system with actuator saturation
and an antiwindup compensatorwill be analyzed. An iterative LMI
algorithmwill be proposed to designantiwindupcompensationgain
by enlarging the invariant set. Then, the L2 gain of the closed-loop
system with antiwindup compensation will be analyzed, and the
iterativealgorithmwill be extended to enlarge the invariant set with
the given L2 gain by the antiwindup compensation. Finally, two
numerical examples will be used to illustrate our design procedure
and its effectiveness.

Throughout the paper, we will use standard notation. R denotes
the set of real numbers, Rm denotes the m-dimensional Euclidean
space, and Rn £ m denotes the set of all real n £ m matrices. In
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the sequel, if not explicitly stated, matrices are assumed to have
compatible dimensions. The notation M > .¸; <; ·/0 is used to
denote a symmetric positivede� nite (positivesemide� nite, negative
de� nite, negative semide� nite) matrix, and ¸min.M/ and ¸max.M /
denote the minimum and the maximum eigenvalue of a symmetric
matrix M . Lm

2 .[0; T // denotes the space of square integrable vector
valued functions over [0; T /, that is, all functions such that

kxk2 D

³Z T

0

kx.t/k2 dt

´1
2

< 1

where we have used kk to denote the Euclidean norm and
kk2 the L2 norm in L2[0; T /. For a vector-valued bounded
function z: [0; 1/ ! Rk , the L1 norm of z is de� ned as kzk1 D
ess supt ¸ 0 kz.t/k. Given a linear operator Tzw : L1 ! L1,
the induced L1 norm of Tzw is de� ned as kTzwk1 D
supkwk1 · 1 kTzwwk1 .

Problems Statement and Preliminaries
Let us consider a linear system with input saturation

Px.t/ D Ax.t/ C B1w.t/ C B2¾ [u.t/] (1)

z.t/ D C1x.t/ C D1w.t/ (2)

y.t/ D C2x.t/ (3)

where x 2 Rn is the state vector with x.0/ D x0; u 2 Rm the control
input vector; z 2 R p1 the controlledoutput vector; y 2 R p2 the mea-
sured output vector; w 2 Rq the exogenousdisturbanceinput vector
with w 2 L2[0; 1/; and A, B1, B2 , C1, C2 , and D1 are real-valued
matrices of appropriate dimensions. Without loss of generality, we
also assume that the bounded disturbance w.t/ belongs to the set
W :D fw : w.t/T w.t/ · 1; 8t ¸ 0g: The function¾ : Rm ! Rm is the
standard saturation function de� ned as follows:

¾ .u/ D [¾.u1/ ¾ .u2/ ¢ ¢ ¢ ¾ .um/]T

where ¾ .ui / D sign.ui / minf1; jui jg: Here we have slightly abused
the notation by using ¾ to denote both the scalar-valued and the
vector-valuedsaturationfunctions.Also note that it is without lossof
generality to assume unity saturation level. The nonunity saturation
level can be absorbed into the B2 matrix and u (see subsequent
example).

We will assume that a linear dynamic compensator of the form

Pxc.t/ D Acxc.t/ C Bcy.t/; xc.0/ D 0 (4)

u.t/ D Ccxc.t/ C Dcy.t/ (5)

has been designed to stabilize the system (1–3) in the absence of
actuator saturation and to meet a given H1 performance criteria.
In Ref. 25, all controllers for the general H1 control problem are
given, and a parameterization is made by using LMIs.

When the actuator saturates, the performance of the closed-loop
system designed without considering the saturation may seriously
deteriorate. In general, the performance degradation is caused by
the states of the controller achieving different values from those
in the absence of actuator saturation.14 This can result in improper
control signals and, consequently,deterioration in closed-loop per-
formance, and may induce a limit cycle or an unstable output re-
sponse.A well-known example of performancedegradation,for ex-
ample, large overshoot and large settling time, occurs when a linear
compensatorwith integrators,for instance,a proportional–integral–
derivative (PID) compensator, is used in a closed-loop system and
the reset-windup phenomenon appears. During the time when the
actuators saturate, the error is continuously integrated even though
the controlsare not what they should be, and, hence, the states of the
compensator attain values that lead to controls larger than the satu-
ration limit. This is known as the windup phenomenon.A common
approachin practice is to performa linear controldesign, then to add
extra feedbackcompensationat the stageof control implementation,
using the difference between the controller output and the actuator

output signal. Because this form of compensation aims to reduce
the undesirable effects of windup, it is referred to as antiwindup
compensation.

A typical antiwindup compensator involves adding a correction
term of the form Ec[¾ .u/ ¡ u]: The modi� ed compensator has the
form

Pxc.t/ D Acxc.t/ C Bcy.t/ C Ecf¾ [u.t/] ¡ u.t/g (6)

u.t/ D Ccxc.t/ C Dcy.t/ (7)

where xc 2 Rnc and xc.0/ D 0. Obviously, with such a correction
term, the compensator (6) and (7) would continue to behave like the
dynamic controller (4) and (5) in the absence of saturation, that is,
¾ .u/ D u, and the compensation in Eqs. (6) and (7) has been made
in a suf� ciently smooth manner so that existence and uniquenessof
solutions for the closed-loop system are guaranteed.

Under the modi� ed compensator (6) and (7), the closed-loop
system can be written as

PQx.t/ D QA Qx.t/ C QB1w.t/ C QB2.¾ .u/ ¡ u// (8)

z.t/ D QC 1 Qx.t/ C D1w.t/ (9)

u.t/ D F Qx.t/ (10)

where

Qx D
µ

x
xc

¶
; QA D

µ
A C B2 DcC2 B2Cc

BcC2 Ac

¶
; QB1 D

µ
B1

0

¶

QB2 D
µ

B2

Ec

¶
; QC1 D [C1 0]; F D [DcC2 Cc]

For an initial state Qx.0/ D Qx0, denote the state trajectory of the
closed-loop system under w 2 W as ’.t; Qx0; w/. Our primary con-
cern is the boundness of the trajectories of state ’.t; Qx0; w/ and
controlled output z.

De� nition 1: Consider the closed-loopsystem (8–10) with w D 0.
The set of all Qx0 such that

lim
t ! 1

’.t; Qx0; 0/ ! 0

is said to be the domain of attraction of the closed-loop system
equilibrium Qx D 0.

De� nition 2: Consider the closed-loop system (8–10). A set in
Rn is said to be invariant if all of the trajectories’.t; x0; w/ starting
from within it will remain in it regardless of w 2 W : An ellipsoid
Ä.P; ½/ D fQx : V . Qx/ D QxT P Qx · ½g is said to be strictly invariant if
PV D 2 QxT Pf QA Qx C QB2[¾ .u/ ¡u/] C QB1wg < 0 for all wT w · 1 and all
Qx 2 @Ä.P; ½/, the boundary of Ä.P; ½/.

We are interested in the following two problems.
Problem 1: Set Invariance Analysis. Let the compensation gain

Ec be known.
1) For a given P > 0 and ½ > 0, determineif the ellipsoidÄ.P; ½/

is (strictly) invariant.
2) Or, determine the values of P > 0 and ½ > 0 such that the

ellipsoid Ä.P; ½/ is invariant and is as large as possible.
Problem 2: Invariant Set Enlargement. Given a bounded set

X R ½ Rn , � nd a compensationgain Ec , if any, such that the closed-
loop system has a bounded invariant set Ä.P; ½/ that contains ®X R

with ® maximized. In general, we may set X R as the invariant ellip-
soid of the closed-loop system without compensation gain Ec, that
is, Ec D 0.

Because X R determines the general shape of the resulting
Ä.P; ½/, we will refer to such an X R as a shape reference set.

De� nition 3: For a given set X1 ½ Rn ; the system (8–10) with
initial state Qx.0/ D 0 is said to have a regional L2 gain less than or
equal to ° , in X1 , for some ° > 0 if x.t/ 2 X1 for all t 2 [0; 1/
and

Z T

0

kz.t/k2 dt · ° 2

Z T

0

kw.t/k2 dt ; 8w 2 L2[0; T /

for all T ¸ 0.
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For the given system (1–3), suppose that the dynamic control
law (4) and (5) is designed such that the closed-loop system is
asymptoticallystable and has an L2 gain less than or equal to °0 (or,
for example, it has H1 performance index °0 ). In the presence of
saturation,the global stabilitymay be lost, and the H1 performance
will degrade,in general.An interestingproblemis howto enlargethe
regionof attractionwith a guaranteeda priorigiven H1 performance
index ° ¸ °0 . This problem can be formulated as follows.

Problem 3: Regional H1 Control Problem. For a given set
X R ½ Rn and a given ° ¸ °0 , design an antiwindup compensation
gain Ec, if any, such that the following holds:

1) In the absence of disturbance, the closed-loop system is lo-
cally asymptoticallystable at Qx D 0, and Ä.P; ½/ is contained in its
domain of attraction.

2) The closed-loop system has a regional L2 gain less than or
equal to ° in Ä.P; ½/ ¾ ®X R , and ® is maximized.

Problem 1 can be readily solved by the method proposed in
Ref. 11. The objective of this paper is to provide a solution to Prob-
lems 2 and 3. In what follows,we will brie� y recapitulatethemethod
of Ref. 11 for the solution of Problem 1. Our solution to Problems 2
and 3 will be built on it.

With the feedback control law in Eq. (10), system (8) can be
rewritten as

PQx.t/ D . QA ¡ QB2 F / Qx.t/ C QB2¾ .u/ C QB1w.t/ (11)

Let fi stand for the i th row of the matrix F . We de� ne the symmetric
polyhedron

L.F/ D
©

Qx 2 Rn C nc : jfi Qxj · 1; i D 1; : : : ; m
ª

Let P 2 R.n C nc / £ .n C nc / be a positive-de�nite matrix. De� ne the
ellipsoid

Ä.P; ½/ D fQx 2 Rn C nc : QxT P Qx · ½g

We would like to determine if Ä.P; ½/ is a strictly invariant set for
the closed-loop system (11), or, in the absence of disturbance, if it
is contained in the domain of attraction of the origin. To this end,
for any two matrices F and H 2 Rm £ .n C nc / and a vector º 2 Rm

denote

M.º; F; H / :D diagfº1; º2; : : : ; ºmgF

C .I ¡ diagfº1; º2; : : : ; ºm g/H D

2

664

º1f1 C .1 ¡ º1/h1

º2f2 C .1 ¡ º2/h2

¢ ¢ ¢
ºm fm C .1 ¡ ºm/hm

3

775

where fi and hi denote the i th row of F and H , respectively. Let
V D fº 2 Rm : ºi D 1 or 0g. There are 2m elements in V . We will use
a º 2 V to choose from the rows of F and H to form a new matrix
M.º; F; H /: If º i D 1, then the i th row of M.º; F; H / is fi , and,
if º i D 0, then the i th row of M.º; F; H / is hi .

We recall the following two theorems from Ref. 11.
Theorem 1: Given an ellipsoid Ä.P; ½/, if there exists an

H 2 Rm £ .n C nc / such that

[ QA ¡ QB2 F C QB2 M.º; F; H /]T P

C P[ QA ¡ QB2 F C QB2 M.º; F; H /] < 0; 8º 2 V (12)

and Ä.P; ½/ ½ L.H /, that is, jhi x j · 1 for all Qx 2 Ä.P; ½/,
i D 1; 2; : : : ; m; then Ä.P; ½/ is a contractively invariant set of
system (11).

Theorem 2: For a given ellipsoidÄ.P; ½/, if there exist an H and
a positive number ´ such that

9.º/ :D [ QA ¡ QB2 F C QB2 M .º; F; H /]T P

C P[ QA ¡ QB2 F C QB2 M.º; F; H /]

C ´¡1 P QB1
QBT

1 P C .´=½/P < 0; 8º 2 V (13)

and Ä.P; ½/ ½ L.H /, then Ä.P; ½/ is a strictly invariant set for
system (8).

It is easy to see that Problem 1 can be recast into the following
optimization problem,

max
P > 0;H ; ½ > 0;´ > 0

Ä.P; ½/ (14)

so that

9.º/ < 0; 8º 2 V (14a)

jhi Qxj · 1; 8 Qx 2 Ä.P; ½/; i D 1; 2; : : : ; m (14b)

In Ref. 11, the largenessof the ellipsoidÄ.P; ½/ is measuredwith
respect to a shape referenceset X R . Let X R ½ Rn C nc be a prescribed
bounded convex set which contains origin. For a set S ½ Rn C nc ,
de� ne

®R .S/ :D supf® > 0 : ®X R ½ Sg

Obviously, if ®R.S/ ¸ 1, then X R ½ S: Two typical types of X R are
the ellipsoid

X R D f Qx 2 Rn C nc : QxT R Qx · 1g; R > 0 (15)

and the polyhedron

X R D covf Qx1; Qx2; : : : ; Qxl g (16)

where Qx1; Qx2; : : : ; Qxl are the given points in Rn C nc . Then, for any
given Ec and reference set X R , Problem 1 can be solved by the
following constrained optimization problem:

max
P > 0;H ; ½ > 0;´ > 0

® (17)

so that

9.º/ < 0; 8º 2 V (17a)

jhi Qxj · 1; 8 Qx 2 Ä.P; ½/; i D 1; 2; : : : ; m (17b)

®X R ½ Ä.P; ½/ (17c)

Note that with Q D .P=½/¡1 and G D H Q, the matrix inequality
in Eq. (13) is equivalent to

N9.º/ D N8.º/ C .½=´/ QB1
QBT

1 C .´=½/Q < 0; 8º 2 V (18)

where

N8.º/ D Q[ QA ¡ QB2 F C QB2 M.º; F; H /]T

C [ QA ¡ QB2 F C QB2 M.º; F; H /]Q; 8º 2 V

When it is noted that M.º; F; H /Q D M.º; F Q; H Q/ D
M.º; F Q; G/, then

N8.º/ D Q. QA ¡ QB2 F/T C . QA ¡ QB2 F/Q

C QB2 M .º; F Q; G/ C M T .º; F Q; G/ QBT
2 (19)

Obviously, if ½=´ is � xed, then the matrix inequality in Eq. (18)
becomes an LMI.

The constraint in (17b) is equivalent to

½hi P¡1hT
i · 1 ()

"
1 hi Q

QhT
i Q

#
¸ 0; i D 1; 2; : : : ; m

()

"
1 gi

gT
i Q

#
¸ 0; i D 1; 2; : : : ; m

where gi denotes the i th row of G , that is, gi D hi Q.
If X R is an ellipsoidgiven in Eq. (15), then by Schur complement,

Eq. (17a) is equivalent to

®¡2 R ¸ P=½ () R¡1 · ®¡2 Q
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In the following, we let ¯ D ®¡2 . Then, the optimization problem
(17) with � xed Ń D ½=´ can be reduced to the following one with
LMI constraints,

min
Q > 0;G

¯ (20)

so that

N9.º/ < 0; 8º 2 V (20a)
µ

1 gi

gT
i Q

¶
¸ 0; i D 1; 2; : : : ; m (20b)

R¡1 · ¯Q (20c)

To obtain the global maximum of ®, we can use a line search by
running Ń from 0 to 1. Because ½ can be absorbed into other
parameters, we simply set ½ D 1.

If X R is a polyhedron given by Eq. (16), then Eq. (20a) is equiv-
alent to

®2 QxT
i

³
P

½

´
Qxi · 1 ()

µ
®¡2 QxT

i

Qxi Q

¶
¸ 0; i D 1; 2; : : : ; l

Then, from the precedingderivation, the optimizationproblem (17)
can be reduced to the following optimization problem with LMI
constraints:

min
Q > 0;G

¯ (21)

so that

N9.º/ < 0; 8º 2 V (21a)
µ

1 gi

gT
i Q

¶
¸ 0; i D 1; 2; : : : ; m (21b)

µ
¯ QxT

i

Qxi Q

¶
¸ 0; i D 1; 2; : : : ; l (21c)

Invariant Set Enlargement by
Antiwindup Compensation

In this section, we will present an iterative design approach to
obtain the antiwindup compensationgain such that the invariant set
may be as large as possibleand, thus, lead to a solutionto Problem 2.
Clearly, Problem 2 can be formulated in the form of optimization
problem (17) with Ec being the extra free parameter.

Note that Eq. (20a) from optimizationproblem (20) [or Eq. (21a)
from problem, (21) respectively] is not linear in Ec; Q, and G
simultaneously. We also note that the nonlinear matrix inequality
9.º/ < 0 cannot be reduced to an LMI in Ec , P , and H simulta-
neously. This implies that we cannot compute the antiwindup com-
pensationgain by directly solving an LMI constrainedoptimization
problem. In what follows,we will presentan iterativeLMI approach
to design theantiwindupcompensationgain Ec for the set invariance
enlargement. Denote

P D
µ

P11 P12

PT
12 P22

¶
; QB0 D

µ
B2

0

¶
; QP2 D

µ
P12

P22

¶
(22)

where P11 2 Rn £ n ; P22 2 Rnc £ nc , and P12 2 Rn £ nc : Then,

P QB2 D P QB0 C QP2 Ec

and 8.º/ can be rewritten as

8.º/ D QAT P C P QA C [M .º; F; H / ¡ F]T .P QB0 C QP2 Ec/
T

C .P QB0 C QP2 Ec/[M .º; F; H / ¡ F]

which is linear in P11 and Ec. This implies that with � xed P22, P12,
and H , we can determine an Ec such that P11 is as small as possible,
that is, making the region

©
x 2 Rn : xT P11x · ½

ª

as large as possible. If X R is an ellipsoid given in Eq. (15), this
problemcan be solved by the followingLMI optimizationproblem:

min
P1 > 0;Ec

¯ (23)

so that

P · ¯R (23a)

9.º/ < 0; 8º 2 V (23b)
µ

1 hi

hT
i P

¶
¸ 0; i D 1; 2; : : : ; m (23c)

where P and QP2 are de� ned in Eq. (22). If X R is a polyhedrongiven
in Eq. (16), this problemcan be solvedby the followingoptimization
problem with LMI constraints:

min
P1 > 0;Ec

¯ (24)

so that

¯ ¡ QxT
i P Qxi ¸ 0; i D 1; 2; : : : ; l (24a)

9.º/ < 0; 8º 2 V (24b)
µ

1 hi

hT
i P

¶
¸ 0; i D 1; 2; : : : ; m (24c)

Hence, we can present the following iterative algorithm.
Algorithm 1: The following is an iterative algorithm for deter-

mining antiwindup compensation gain.
1) For a given reference set X R , SOLVE the optimization prob-

lem (20) or (21) for Ec D 0, denote the solution as ¯0, Q0, and H0 .
2) Set i D 1 and Ec with an initial value.
3) SOLVE the optimization problem (20) or (21) for ¯, Q, and

G. Denote the solution as ¯i , Q, and G, respectively.
4) Let P D Q¡1 and H D G Q¡1.
5) IF ¯i ¡ ¯i ¡ 1 < ±, a predetermined tolerance, GOTO step 7,

ELSE GOTO step 6.
6) SOLVE the optimization problem (23) or (24) for P11 and Ec

with the � xed P12, P22, and H . Set the solution as Ec and i D i C 1,
then GOTO step 3.

7) IF ¯i · ¯0, then, ®opt D .¯i /
¡1=2 and Ec is a feasible solution

and STOP, ELSE set Ec with another initial valueand GOTO step 2.
Remark 1: It is easy to see that ¯i is decreasing and bounded.

Hence, the algorithm always converges. As is usual in nonlinear
optimizationproblems, the optimizationresult dependson the given
initial conditionof Ec. If we set 0 as the initial valuesof Ec in step 2,
we can always obtain a better solution than the system without
antiwindup compensation, although it may not result in the best
®opt. In general, we can select several typical initial values of Ec

and choose the biggest®opt and the corresponding Ec as the optimal
solution.

Remark 2: In practical control design, it is always desirable to
design an antiwindup compensation gain Ec with limited value.
This implies that with Ec D [ei j ]nc £ m , the compensation gain may
be constrained element by element in the following form

’i j · ei j · Ãi j ; i D 1; 2; : : : ; nc; j D 1; 2; : : : ; m (25)

Note that the present technique uses Ec as a free design variable in
the LMI optimizationproblems (23) and (24). These constraintsare
linear and,hence,can also be incorporatednaturally in the optimiza-
tion process.These extra constraints can also prevent the numerical
stiffness.

L 2-Gain Analysis
In this section,we will proposea solutionto Problem3. We will do

this in two steps. First, we assume that an antiwindupcompensation
gain Ec has been designed. The problem of determining the largest
invariant set in which the closed-loop system has a prespeci� ed
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regional L2 gain ° > °0 is formulated into and solved as an opti-
mization problem. Then, the same optimization problem is solved
with Ec as an extra free parameter. This, thus, leads to a solution to
Problem 3.

Invariant Set with a Given L2 Gain
We � rst establish the following result.
Theorem 3: Given system (1–3), suppose that the control law is

designed such that the closed-loop system (8–10), without input
saturation, is asymptotically stable and has an L2 gain less than or
equal to ° . Then, if there exist matrices H 2 Rm £ .n C nc/ and P > 0
and ´ > 0 that satisfy matrix inequalities (13) and

2.º/ D

"
8.º/ C QC T

1
QC1 P QB1 C QC T

1 D1

QBT
1 P C DT

1
QC1 ¡° 2 I C DT

1 D1

#

< 0; 8º 2 V

(26)
where

8.º/ D [ QA ¡ QB2 F C QB2 M .º; F; H /]T P

C P[ QA ¡ QB2 F C QB2 M.º; F; H /] (27)

and Ä.P; ½/ ½ L.H /. Then:
1) In the absence of disturbance, the closed-loop system (8–10)

with input saturation is locally asymptotically stable with Ä.P; ½/
contained in its domain of attraction.

2) The closed-loop system has a regional L2 gain less than or
equal to ° in Ä.P; ½/.

Proof: Obviously, if Eq. (26) holds for all º 2 V , then 8.º/ < 0
for all º 2 V . By Theorem 2.2, matrix inequalities (13) establishes
an invariant ellipsoid that overbounds the reachable set under the
disturbance w.

Next, select a Lyapunov function V . Qx/ D QxT P Qx. Following the
procedure of the proof of Theorem 1 in Ref. 11, we can show that
for each Qx 2 Ä.P; ½/ ½ L.H /, there exists a º 2 V such that

2 QxT Pf QA Qx C QB2[¾ .u/ ¡ u]g · QxT 8.º/ Qx

Because for each Qx 2 Ä.P; ½/,

PV D 2 QxT Pf QA Qx C QB2[¾ .u/ ¡ u] C QB1wg · QxT 8.º/ Qx C 2 QxT P QB1w

we have

J D ¡[° 2kw.t/k2 ¡ kz.t/k2] C PV .x/ · QxT QCT
1

QC1 Qx C QxT QC1 D11w

C wT DT
11

QC1 Qx C wT
¡
DT

11 D11 ¡ ° 2 I
¢
w

C QxT 8.º/ Qx C 2 QxT P QB1w D OxT 2.º/ Ox

for each Qx 2 Ä.P; ½/, where

Ox.t/ D [ QxT .t/ wT .t/]T

Hence, if for eachº 2 V , 2.º/ < 0, thenwe have J < 0. This implies
that for each Qx 2 Ä.P; ½/ and w.t/ 2 L2[0; 1/,

PV .x/ · ° 2kw.t/k2 ¡ kz.t/k2

that is, the closed-loop system has a regional L2 gain less than or
equal to ° . ¤

Based on Theorem 3, we can present the following optimization
problem to determine the possible smallest L2 gain of the closed-
loop system in some invariant set Ä.P; ½/. We will denote such a
gain °opt:

min
P > 0;H;½

N° D ° 2 (28)

so that,

9.º/ < 0; 8º 2 V (28a)

2.º/ < 0; 8º 2 V (28b)

jhi Qxj · 1; 8 Qx 2 Ä.P; ½/; i D 1; 2; : : : ; m (28c)

With the solution P and N° , we know that the closed-loop system is
locally asymptotically stable and has a reginal L2 gain less than or
equal to °opt D

p
N° in Ä.P; ½/.

Obviously, even with a given compensation gain Ec , Eq. (26) is
not an linear matrix inequality in P; H , and ° . Fortunately, with
Q D .P=½/¡1 and G D H Q, it can be reducedto the followingLMI:

N2.º/ D

2

664

N8.º/ ½ QB1 Q QC T
1

½ QBT
1 ¡½° 2 I ½ DT

1

QC1 Q ½ D1 ¡½ I

3

775 < 0; 8º 2 V (29)

It is easy to � nd that the optimizationproblem(28) for some � xed
Ń D ½=´ can be reduced to the following optimization problem:

min
P > 0;G;½

° 2 (30)

so that,

N9.º/ < 0; 8º 2 V (30a)

N2.º/ < 0; 8º 2 V (30b)
µ

1 gi

gT
i Q

¶
¸ 0; i D 1; 2; : : : ; m (30c)

With the solution of the preceding optimization problem, we know
that the saturatedclosed-loopsystemis locallyasymptoticallystable
and has a regional L2 gain less than or equal to ° in the region
Ä.Q¡1; 1/. The global minimum of ° , °opt, will be obtained by
running Ń from 0 to 1.

Theorem 3 gives a condition for an ellipsoid to be inside the
domain of attraction of the saturated system with the given L2 gain
less than or equal to ° ¸ °opt. With the preceding reference sets, we
can choose from all of the Ä.P; ½/ that satisfy the condition, such
that the quantity ®R [Ä.P; ½/] is maximized. This problem can be
formulated as

max
P > 0;½;H

® (31)

so that

®X R ½ Ä.P; ½/ (31a)

9.º/ < 0; 8º 2 V (31b)

2.º/ < 0; 8º 2 V (31c)

jhi Qxj · 1; 8 Qx 2 Ä.P; ½/; i D 1; 2; : : : ; m (31d)

With the givencompensationgain Ec; the precedingoptimization
constraintscan be reduced to some LMIs. If X R is an ellipsoidgiven
in Eq. (15), then the optimization problem (31) with � xed Ń can be
reduced to the following one with LMI constraints:

min
Q > 0;G;½ > 0

¯ (32)

so that

R¡1 · ¯Q (32a)

N9.º/ < 0; 8º 2 V (32b)

N2.º/ < 0; 8º 2 V (32c)
µ

1 gi

gT
i Q

¶
¸ 0; i D 1; 2; : : : ; m (32d)

Hence, with the solution of LMI optimization problem (32),
Ä.Q¡1; 1/ is an estimation of the invariant set with guaranteed
L2 gain ° ¸ °opt of the saturated closed-loop system with given
compensation gain Ec .

If X R is a polyhedrongiven by Eq. (16), then, from the preceding
derivation, the optimization problem (31) can be reduced to the
following problem with LMI constraints:

min
Q > 0;G;½

¯ (33)
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so that
µ

¯ QxT
i

Qxi Q

¶
¸ 0; i D 1; 2; : : : ; l (33a)

N9.º/ < 0; 8º 2 V (33b)

N2.º/ < 0; 8º 2 V (33c)
µ

1 gi

gT
i Q

¶
¸ 0; i D 1; 2; : : : ; m (33d)

With the solution of the preceding LMI optimization problem,
the invariant set with guaranteed L2 gain ° is Ä.Q¡1; 1/.

Antiwindup Compensation Gain Design
In this section, we will present an iterative design approach to

obtain the antiwindupcompensationgain Ec such that, for any given
° ¸ °opt, the closed-loopsystem has a regionalL2 gain less or equal
to ° in some Ä.P; ½/ ¾ ®X R with ® maximized.

Note that conditions in optimizationproblem (32b) and (32c) [or
problem(33), respectively]are not linear in ½ (or ½¡1 , respectively),
Ec , Q, and G simultaneously.We also note that the nonlinearmatrix
inequality (29) cannot be reduced to an LMI in ½ (or ½¡1/, Ec, P ,
and H simultaneously.This implies that we cannot obtain the anti-
windup compensationgain by directly solving an LMI optimization
problem. In what follows,we will presentan iterativeLMI approach
to design the antiwindup compensation gain Ec. Similar to the last
section, we may � rst � x Ec and ° and apply the LMI optimization
problem to obtain a less conservativeestimation of the invariant set
and the corresponding ellipsoid. Then, with the � xed ½, P22, P12,
and H , we can determine an Ec such that P11 is as small as possible,
that is, making the region fx 2 Rn : xT P11x · ½g as large as possible.
If X R is an ellipsoid given in Eq. (15), this problem can be solved
by the following LMI optimization problem:

min
P11 > 0;Ec

¯ (34)

so that

½¡1 P · ¯ R (34a)

9.º/ < 0; 8º 2 V (34b)

2.º/ < 0; 8º 2 V (34c)
µ

½¡1 hi

hT
i P

¶
¸ 0; i D 1; 2; : : : ; m (34d)

where P and QP2 are de� ned in Eq. (22). If X R is a polyhedron
given in Eq. (16), this problem can be solved by the following LMI
optimization problem:

min
P11 > 0;Ec

¯ (35)

so that

½¯ ¡ QxT
i P Qxi ¸ 0; i D 1; 2; : : : ; l (35a)

9.º/ < 0; 8º 2 V (35b)

2.º/ < 0; 8º 2 V (35c)
µ

½¡1 hi

hT
i P

¶
¸ 0; i D 1; 2; : : : ; m (35d)

Hence, we can present the following iterative algorithm.
Algorithm 2: The iterative algorithmfor determining antiwindup

compensation gain consists of the following:
1) For a given referenceset X R; SOLVE the optimizationproblem

(32) or (33) for Ec D 0 and denote the solution as ¯0 , ½0, Q0 , and
H0 .

2) Set i D 1 and Ec with an initial value.
3) SOLVE the optimizationproblem (32) or (33) for ¯ , ½ , Q , and

G. Denote the solution as ¯i , ½, Q, and G , respectively.

4) Let P D ½Q¡1 and H D G Q¡1 .
5) IF ¯i ¡ ¯i ¡ 1 < ±, a predetermined tolerance, GOTO step 7,

ELSE GOTO step 6.
6) SOLVE the optimization problem (34) or (35) for P11 and Ec

with the � xed½ , P12 , P22, and H . Set the solutionas Ec and i D i C 1,
then GOTO step 3.

7) IF ¯i · ¯0, then, ®opt D .¯i /
¡1=2 and Ec is a feasible solution

and STOP, ELSE set Ec with another initial valueand GOTO step 2.
Remark 3: In this iterativealgorithm,½ has to be a free parameter

because it cannot be absorbed into other parameters.

Numerical Examples
Example 1: Consider the following benchmark example,16

Px1 D ¡0:1x1 C 0:5 sat.u1/ C 0:4 sat.u2/

Px2 D ¡0:1x2 C 0:4 sat.u1/ C 0:3 sat.u2/

where u1 and u2 range between [¡3, 3] and [¡10, 10], respectively.
At time t D 0, the outputs x1 and x2 are subject to pulse set-point
changes of duration 5 s and magnitudes 0.6 and 0.4, respectively.
The following PI controllerwas considered in Ref. 16:

Pxc1 D ysp1 ¡ x1 C e11[sat.u1/ ¡ u1] C e12[sat.u2/ ¡ u2]

Pxc2 D ysp2 ¡ x2 C e21[sat.u1/ ¡ u1] C e22[sat.u2/ ¡ u2]

u1 D 10. ysp1 ¡ x1/ C xc1

u2 D ¡10. ysp2 ¡ x2/ ¡ xc2

where ysp1 and ysp2 refer to the set points for the outputs, which
places the closed-looppoles at .¡1, ¡1, ¡0:1, ¡0:1/ in the absence
of saturation. In Ref. 19 a new design approach is presented, and
the comparison results are given by simulation.

To apply our result, we set

A D
µ
¡0:1 0

0 ¡0:1

¶
; B2 D

µ
0:5 0:4

0:4 0:3

¶µ
3 0

0 10

¶
D

µ
1:5 4

1:2 3

¶

C2 D
µ

1 0

0 1

¶
; Ac D

µ
0 0

0 0

¶
; Bc D

µ
¡1 0

0 ¡1

¶

Cc D
³³ µ

3 0

0 10

¶ ´́¡1µ
1:0 0

0 ¡1:0

¶
D

µ
0:3333 0

0 ¡0:1

¶

Dc D
³³µ

3 0

0 10

¶´́¡1µ¡10 0

0 10

¶
D

µ
¡3:333 0

0 1

¶

To determine the disturbance rejection and L2 performance, we let

B1 D
µ

0:1

0:1

¶
; C1 D [¡1 ¡1]; D1 D 0

Let

X R D
µ

x0

xc.0/

¶

Based on the possible setpoint changes, we set

x0 D
µ

0:6

0:4

¶
; xc.0/ D

µ
0

0

¶

Let

Ec D
µ

0 0

0 0

¶

Applying Theorem 2, we obtain ® D 0:6124 at Ń D 5:1 and the
maximal invariant ellipsoid Ä.P0; 1/ with

P0 D

2

664

61:1518 ¡68:2916 ¡6:1152 6:8292

¡68:2916 83:9480 6:8292 ¡8:3948

¡6:1152 6:8292 0:6115 ¡0:6829

6:8292 ¡8:3948 ¡0:6829 0:8395

3

775
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Table 1 Computing results with given L2 gain

° ®0 ® Ec P ½

0.197 0.1157 0.2059
h

41:29 ¡13:65
39:87 ¡13:43

i
2

4
249:4 ¡258:5 ¡25:33 25:46

¡258:5 271:8 26:34 ¡26:69
¡25:33 26:34 2:660 ¡2:507
25:46 ¡26:69 ¡2:507 2:708

3

5 0.3907

0.2 0.1778 0.2476
h

22:70 ¡16:59
21:93 ¡18:16

i
2

4
175:61 ¡184:4 ¡17:91 18:09
¡184:4 197:6 18:90 ¡19:30
¡17:91 18:90 1:914 ¡1:767
18:09 ¡19:30 ¡1:767 1:972

3

5 0.3869

0.5 0.5649 0.7735
h

17:85 ¡26:22
17:10 ¡25:35

i
2

4
146:2 ¡161:3 ¡15:45 15:31

¡161:3 195:8 17:15 ¡18:55
¡15:45 17:15 1:686 ¡1:575
15:31 ¡18:55 ¡1:575 1:811

3

5 3.917

1 0.6104 1.2267
h

39:92 ¡41:01
36:51 ¡40:02

i
2

4
781:2 ¡838:8 ¡78:73 83:27

¡838:8 987:6 84:66 ¡97:98
¡78:73 84:66 7:709 ¡8:351
83:27 ¡97:98 ¡8:351 9:774

3

5 55.10

2 0.6129 2.3482
h

43:97 ¡38:45
39:10 ¡38:00

i
2

4
3617 ¡3939 ¡362:1 393:5

¡3939 4665 394:4 ¡465:9
¡362:1 394:4 36:3 ¡39:3
393:5 ¡465:9 ¡39:3 46:6

3

5 870.4

Fig. 1 Maximal invariant ellipsoid and the state trajectories of
Example 1.

This ellipsoid is very small and does not include the initial point
just given. This means that the closed-loop system trajectory may
be unboundedwith the precedingset-pointchangewith disturbance.
Applying Algorithm 1 with initial

Ec D
µ

10 ¡10

10 ¡10

¶

we obtain following solution:

® D 798:8314; Ec D
µ

19:1177 ¡91:3001

18:8603 ¡99:4319

¶

P D 10¡5 £

2

664

2:1700 ¡2:1535 ¡0:2194 0:2144

¡2:1535 2:5696 0:2183 ¡0:2548

¡0:2194 0:2183 0:0231 ¡0:0226

0:2144 ¡0:2548 ¡0:0226 0:0263

3

775

when Ń D 5:6: This ellipsoidÄ.P; 1/ with xc D 0 is shown in Fig. 1.
The dashed curves are the state trajectories with the state initial
conditionson theboundaryof this ellipsoid,and the controllerinitial
state xc.0/ D 0. All trajectories converge to the origin.

It is easy to check that in the absence of saturation, the L2 gain
of the closed-loop system with the given controller is °0 D 0:1825.
In the presence of saturation, the optimization algorithm (30), we
obtain the optimal solution

°opt D 0:197; ½ D 0:3889

P D 107 £

2

664

2:4927 ¡2:4927 ¡0:2493 0:2493

¡2:4927 2:4927 0:2493 ¡0:2493

¡0:2493 0:2493 0:0249 ¡0:0249

0:2493 ¡0:2493 ¡0:0249 0:0249

3

775

when ´ D 0:0194.Note that°opt > °0 , and this ellipsoidis verysmall.
This means that the input saturation leads to very obviousdeteriora-
tion in the performance of the control system. In the following, we
will use the result of the preceding section to improve the system
performance.

Using the preceding data as the initial condition to apply the
iterativealgorithmof the last section, and setting the gain constraint
Ãi j D ¡’i j D 100 for some given° , we obtain the computingresults
showing in Table 1.

From Table 1, even we relax the required L2 gain ° D 2, which is
more than 10 times the L2 gain of the original unsaturated closed-
loopsystem, theminimum®0 correspondingto Ec D 0 is stillsmaller
than 1, which means that the domain of attraction with the given L2

gain can not include the given initial point x0. Fortunately, under
the preceding iterative algorithm, we can enlarge the domain of the
attraction for any required H1 performance with the help of an-
tiwindup compensation. With ° D 1, we have ® > 1, which means
that the corresponding invariant set Ä.P; ½/ includes the preced-
ing initial point, and, hence, the stability of the preceding set-point
changes are guaranteed, and the disturbance rejection performance
may be satis� ed.

Example 2: The following state equations describe the longitudi-
nal dynamics of the F-8 � ghter aircraft,26

Px D

2

664

¡0:8 ¡0:006 ¡12 0

0 ¡0:014 ¡16:64 ¡32:2

1 ¡0:0001 ¡1:5 0

1 0 0 0

3

775 x

C

2

664

¡19 ¡3

¡0:66 ¡0:5

¡0:16 ¡0:5

0 0

3

775 u C

2

664

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

3

775 w

y D
µ

0 0 0 1

0 0 ¡1 1

¶
x

z D
µ

0 0 0 1

0 0 ¡1 1

¶
x C

µ
0 0 1 0

0 0 0 1

¶
w
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The input, output, and state variables are given as follows:

u D
»

±e elevator angle (degrees), saturation limit at 25 deg

± f � aperon angle (degrees), saturation limit at 25 deg

y D
»

# pitch angle (radians)

° � ight path angle (radians)

x D

8
>><

>>:

q pitch rate (radians per second)

v forward velocity (feet per second)

® angle of attack (radians)

# pitch angle (radians)

and w represents the disturbance. This system has an unstable pole
at 0.14. The control system output y is required to track reference

r D [10 10]T

Fig. 2 Invariantellipsoids for the F8 system with saturation:——, with
antiwindup and – – –, without antiwindup.

a)

c)

b)

d)

Fig. 3 Input and output responses for the F8 system with saturation: a) and c) with antiwindup compensation and b) and d) without antiwindup
compensation.

with a steady-state tracking error less than 2%. An antiwindup con-
trol scheme was designed in Ref. 26 using an error governor com-
pensationthat scalesdown thecontrolinput in thepresenceof satura-
tion. However, the proposedscheme is only applicable to open-loop
stable systems, and the controller is also constrained to be stable.
Here, we use the observer-based antiwindup scheme to design an
antiwindup compensation gain to cause the system output to track
the reference as large as possible in the presence of saturation.

We � rst use the linear quadraticGaussion methodologyto design
the observer-basedcompensator in the absence of saturation,which
is computed as follows:

K .s/ D G.s I ¡ A ¡ BG ¡ HC /¡1 H

where

H D
µ

0:3673 ¡39:7859 0:1344 0:9961

0:4944 ¡18:7975 ¡0:1059 0:8617

¶T

G D
µ

10:2575 ¡7:2739 14:4702 48:0214

1:8413 ¡6:8236 24:3056 40:4592

¶

We then use Theorem 2 to study the disturbance rejection perfor-
mance in the presence of saturation. We set

XR D cov

8
>><

>>:

2

664

0

0

1

0

3

775 ;

2

664

0

0

0

1

3

775 ;

2

664

0

0

1

1

3

775

9
>>=

>>;

By solving optimization problem (21), we obtain ®0 D 4:1636
with Ń D 49:5. The ellipsoid with x1 D 0 and x2 D 0 is shown in
Fig. 2 by a dashed curve. Because ®0 < 10, the stability cannot be
guaranteed when we track the reference

r D [10 10]T

in the presenceof saturation.Actually, it is easy to check that, under
this controller, the outputs cannot track the reference

r D [10 10]T

See Figs. 3b and 3d.
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We next use the proposed iterative algorithm to design an an-
tiwindup gain to compensate the actuator saturation. To apply the
iterative algorithm, we set the initial values of Ec be

E0
c D

µ
10 10 10 10

10 10 10 10

¶T

We obtain

® D 72:0719; Ec D

2

664

¡3:8075 ¡3:6665

¡3:9756 ¡3:9928

¡0:6943 ¡0:0973

¡0:5626 ¡0:0367

3

775

The ellipsoid with x1 D 0 and x2 D 0 is shown in Fig. 2 by the solid
curve. It is obvious that the ellipsoid is signi� cantly enlarged with
® increased almost 15 times. Thus, with this antiwindup compen-
sation, the output is able to track the reference

r D [10 10]T

See Figs. 3a and 3c.
We can check that the H1 performance of the system is also

improved. In the absence of antiwindup compensation, by solv-
ing optimization problem (33), we � nd that the largest ® is 2.9475
with ° D 1:1. With the aforementioned antiwindup compensation,
® can be enlarged to 30.3977 when ° D 1:1. This implies that with
the same L2-gain constraint, the antiwindup compensation can sig-
ni� cantly increase the size of the invariant set with guaranteed
performance.

Conclusions
In this paper, we have proposed to use the antiwindup design

technique to improve the invariant set with given H1 performance
index for a predesigned closed-loop system under actuator satura-
tion. Stability and the invariant set of the closed-loop system with
actuator saturation and an antiwindup compensator are analyzed.
An estimation method for the invariant set is introducedusing LMI
techniques. An iterative algorithm is presented to design the anti-
windup compensationgain such that the invariant set of the closed-
loop system is enlarged in the presenceof saturation.The L2 gain of
the closed-loopsystem with antiwindup compensation is analyzed,
and the iterative algorithm is extended to enlarge the invariant set
with the given L2 gain by the antiwindup compensation.The appli-
cation of the proposed analysis and design method to an F8 � ghter
aircraft shows that the antiwindup design indeed leads to a signi� -
cant improvement of the closed-loop system stability to track large
command inputsunder actuator saturationand externaldisturbance.
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